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Abstract 



The two-parameter Poisson-Dirichlet distribution is the law of a sequence of decreasing non- 
negative random variables with total sum one. It can be constructed from stable and Gamma 
subordinators with the two-parameters, a and 9, corresponding to the stable component and 
Gamma component respectively. The moderate deviation principles are established for the 
two-parameter Poisson-Dirichlet distribution and the corresponding homozygosity when 9 ap- 
proaches infinity, and the large deviation principle is established for the two-parameter Poisson- 
Dirichlet distribution when both a and 9 approach zero. 

Key words: Poisson-Dirichlet distribution, two-parameter Poisson-Dirichlet distribution, GEM 
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1 Introduction 

For a in (0, 1) and 9 > —a, let Uk, = 1, 2, • • • , be a sequence of independent random variables 
such that Uk has Beta{l — a,9 + ka) distribution. Set 



X- 



1 



Ui, XI 



n 



-[/„„!)[/„, n>2. 
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Then with probabiUty one 

oo 
k=l 

and the law of (X"'^, X2'^ , • • • ) is cahed the two-parameter GEM distribution. 

Let P(a, 9) = (Pi (a, 9),P2{a,9),- ■ ■) denote the descending order statistic of (X"'^, ^2 • • • )• 
The law of F{a,9) is called the two-parameter Poisson-Dirichlet distribution and is denoted by 
Ila,e- The well-known one-parameter Poisson-Dirichlet distribution corresponds to a = 0. 

For each integer m > 2, taking a random sample of size m from a population with the two- 
parameter Poisson-Dirichlet distribution. Given the population proportion p = (pi,p2, ■ ■ ■), the 
probability that all samples are of the same type is given by 

oo 

i=l 

which is referred to as the homozygosity of order m. 

The main properties of the two-parameter Poisson-Dirichlet distribution are studied in Pitman 
and Yor [T7| including relations to subordinators, Markov chains, Brownian motion and Brownian 
bridges. The detailed calculations of moments and parameter estimations were carried out in 
Carlton [2j. In [6j and the references therein one can find connections between two-parameter 
Poisson-Dirichlet distribution and models in physics including mean- field spin glasses, random 
map models, fragmentation, and returns of a random walk to origin. The two-parameter Poisson- 
Dirichlet distribution has also been used in macroeconomics and finance (PP). 

Many properties of the one-parameter Poisson-Dirichlet distribution have generalizations in the 
two-parameter setting including but not limited to the sampling formula (cf . [8] , [16] ) , the Markov- 
Krein identity (cf. |7], [E]), and subordinator representation (cf. [13], [IZ]). Recently, a large 
deviation principle (henceforth, LDP)is established in [9] for the two-parameter Poisson-Dirichlet 
distribution when 9 goes to infinity. This is a generalization to the LDP result for the one-parameter 
Poisson-Dirichlet distribution in |3]. Our first result here establishes the corresponding moderate 
deviation principle (henceforth, MDP). This can be viewed as a generalization of the MDP result in 
jllj to the two-parameter setting. The MDP for the homozygosity is also established generalizing 
corresponding result in [11]. In order to apply the Campbell's theorem, we turn to a representation 
of the two-parameter Poisson-Dirichlet distribution obtained in |16| . 

When a = 0, the one-parameter Poisson-Dirichlet distribution converges to (5(i^o,...) 9 goes 
to zero. The corresponding LDP is established in [lO] where a structure called "energy ladder" 
is revealed. Our second main result generalizes this result to the two-parameter Poisson-Dirichlet 
distribution when both a and 9 go to zero. It turns out that the large deviation speed will depend 
on a if it converges to zero at a slower speed than that of 9. 

The current paper is organized as follows. Distributional results are derived in Section 2 using 
the change of measure formula and the subordinator representation. Section 3 is dedicated to 
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establishing the MDP for Ila,e when 9 goes to infinity. The large 9 MDP for the homozygosity is 
established in Section 4. In Section 5 we prove the LDP for Ila,9 when both a and 9 go to zero. 

2 Marginal Distributions 

In this section, we derive the marginal distributions of the two-parameter Poisson-Dirichlet distri- 
bution. The basic tools are the change of measure formula and the subordinator representation. 
For general concepts and theorems on MDP and LDP, we will refer to [5]. 

^From now on, the parameter 9 will be assumed to be positive and a is in (0, 1). Let {ps, s > 0} 
be a subordinator, an increasing process with stationary independent increment, with no drift 
component. The Laplace transform of ps is then given by 

£;(exp(-A/>s)) =exp|s^ {e~^'' - l)A{dx)^ , X > 0, (2.1) 

where A is the Levy measure on (0, +oo) describing the distribution of the jump sizes. Let Vi{ps) > 
V2(ps) > • • • denote the jump sizes of {ps, s > 0} over [0, s) in decreasing order. 
If 

A{dx) = c„x-(^+")(ix. 

for some Ca ^ 0, then the subordinator is called a stable subordinator with index cx and is denoted 
by {ts, s >0}. Without loss of generality, we choose = p^-,^^^^ in this paper. 
The next result is from [17j . 

Proposition 2.1 (Pitman and Yor). Let {as '■ s > 0} and {'js : s > 0} 6e two independent 
subordinators with respective Levy measures aCx'^°'^^^e~^dx and x~^e~^dx for some C > 0. Let 

aa,9)- ^'f- 



CT(1 - a) 
Then T = T{a,9) = cr(^(^a,e)j o.'^^d 

(Vi{T) V2{T) 



\ T T 

are independent with respective laws the Gamma{9, 1) distribution and the two-parameter Poisson- 
Dirichlet distribution Ila,e- 

Let Ea^g denote the expectation with respect to Ila,9- For n > 1, set 

_ T{9 + 1) 

c = r(g + i)r(f + n)a»-i 

r(0 + na)r(f + l)r(l-a)"' 
The following change of measure formula is obtained in [15]. 
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Proposition 2.2 (Perman, Pitman and Yor). For any bounded measurable function f on 



E^,ifiPuP2, ...)) = C^,eE { r,-'f ...)), (2.4) 



where the law of 



V n ' n ' J 

is Uafi. 

Now we are ready to derive tlie following distributional results. 

Theorem 2.3 For each f3 > 0, define 

<7a,/3(x) = P(Pi(a,/3) <x). (2.5) 

Then for any n > 1, the joint density function of (Pi (a, 0), - ■ ■ , Pn(a, 0)) is given by 

(1 X]*^ p.^^~^^'^~^ ( P \ 

— • (2.6) 

\lli=lPi) \^ l^i=lPiJ 

Proof By Proposition 12.21 and Perman's formula (cf. [14]), for any non- negative product mea- 
surable function / and any any n > 1, the joint density function of ^ti, • • • , ^'^^^^ '^ is given 

by 

'/'n(t,Pl,--- ,Pn) = (c„)"-lp;l(pi---p„_i)-(^+")t-(^+("-l)")</.l(tj5„,p„/p„). (2.7) 

where 

Pn = l-pi Pn-l, (2.8) 

and (j)i{t,u) satisfies 

Mt^u) =Cat^''u-^^+''^ " <pi{t{^-u),v)dv. (2.9) 

Jo 

Integrating out the t coordinate, it follows from (j2.9p that 

ha,e,n (Pl,--- ,Pn) (2.10) 

POO 

= C^ACar~'PnHPl---Pn-ir^'^''^ t-'^'+^^-'^^Ul {tPn, Pn/Pn) dt 

Jo 

roc 

= C,,e(c«)"-il5^("-^)"-2(pi---p„_i)-(^+") / s-(''+("-i)"Vi(s,p„/p„)d. 



Pn / 



Co.,e{c^r / dx / s-(^+"")0i(s(l-p„/p„),x)<is 

(Pl • ■■Pn~lPnr ' JO Jo 

\e+na-l fJ^Al foo 



{pi ■ ■ ■ Pn~lPn)^^^°'^ Jo 

CaACaT (Pn+l)'+"°~^ / Pn_ 

Ca,e+na {pi ■ ■ ■ Pn^lPnT^'"^ \^-Ei=lPiJ 
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which leads to ()2.6p . 

□ 

Remark. This result appears in Handa |12j where a different proof is used. 
Theorem 2.4 For any s > 0, 



i^afi,i{s) = P{Vi{T)<s) (2.11) 



(^1 + c„s-° z-(^+")e-"^dz^ 



Proof For each s > 0, it follows from Proposition 12.11 and the property of the Poisson random 
measure that 

i^aAiis) = E{P{Vi{T)<s\C{a,e))) 

- <-p{-«^C(a,.)/V."«.e-"..}) 

= E (^exp I -CaJe/aS'" z-(°+^)e-^^dz| j 

which leads to ([2TT]) . 

□ 

3 Moderate Deviations for the two-parameter Poisson-Dirichlet 
Distribution 

By theorem 6.1 in [12], when 6 goes to infinity P(a, 0) = {Pi[a,9)^P2{a^9),- ■ ■) approaches a 
non-trivial random sequence when scaled by a factor of 6 and shifted by 

e) = log 6* - (a + 1) log log 6* - log r(l - a). 

In [9], the LDP has been established associated with the limit 

lim P(a,6') = (0,0,...). 

9—*oo 

Replacing the scaling factor by a{9) satisfying 

lim = 0, lim a{e) = oo, (3.1) 

we still have 
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lim a{e) ( P(a, 9) - 1, . . .) ) ^ (0, 0, . . .)• (3.2) 



The LDP associated with is called the MDP for P(a, 9) = (Pi (a, 9), P2ia,9) ■ ■ ■ , ). This 
MDP will be established in this section through a series of lemmas. 
The first lemma establishes the MDP for Vi{T)/9. 

Lemma 3.1 The MDP holds for Vi(T)/9 with speed and rate function 

Ji{x) = 



X, X > 
oo, otherwise. 



Proof For any fixed x, we have 



P { a{9) ^Yl^Zl^^] <x\ = P[ V,{T) <^f + P{a,9) ] . (3.3) 



Assume that 



lim [ x + l3{a, 9))] = +00. 
9->cxD a[9j 



Then it follows from (j2.1ip that 

911 ~ I 1+ „ 

i^x + Pia,9)) 



Therefore 



_ I 0, X > 
1 — oo, X < 

If there exists a subsequence 9' such that the lime'^oo(^^x + (3{a,9')) exists in [— oo,+oo), 
then x must be strictly negative. Since, by Theorem 12. 4^ Vi{T) converges to infinity as 9 converges 
to infinity, it follows that 

hmsup-^logP ( a(0 ) ( 1 < x 1 = -oo. (3.5) 
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Putting (j3.4p and (|3.5p together, one gets 



and 



lim ^ log P (ai9) ( ^^^^)-f^^^'' ) < , ) = 0, . > 0, 



lim sup — — log F ( a(^) ( < a; = — oo, x < 0. 



For X > 0, it follows from dSS]) and (f2lT]) that 



lim sup — — log 1 — 1 H 5 7 

lim sup — -— log 1 + 



e^oa 



^(^x + /?(a,0)) 



Qf + l 



Vl{T)-P(afi) 



A combination of (j3.8p and (j3.7p implies that the laws of a{6) 
tight. 

Similarly, we can get that for x > and 5 > with x — (5 > 0, 



hm ^ log P a(0) ^ n G (x - 5, X + 

9^oo u \ \ u 

— X + J. 



The equality (|3.6p combined with p.Th implies that 



lim lim sup log P f S) 

= 0. 

The lemma now follows from p.9p . p.lOp . and the exponential tightness. 
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Set 

^^^^ ^ aW(a,g) ^ 

and, without loss of generality, we can assume that 

lim 7(6*) = c G [0,+oo]. 

6^00 

It is clear that 

a(e) 0^ n . ^ 

If c < CO, it follows from Corollary 3.1 in [11] that for any L > 

limsup^logp|7(0)|^-l| >l| =-00. (3.12) 
For c = 00, and any 1 > 6 > 

{7(^)1^ - 1| > C |7WI^ - 1| > L(l - 5)| U ||^ - 1| > ^1 . (3.13) 

Since 7(0) < /3(a, 0) for large 6* and limg^oo ^^^7^ = 0) follows from the MDP (Theorem 3.2 
in [n]) for T/e, and ([TTT]) that 



limsup ^logP (7(0)1^ -1| > {1-6)L 



aimsup log P (7(^)1? - 1| > (1 - <5)L !>= -00, 



7^(0) 



(3.14) 



which combined with Corollary 3.1 in [TT] and (|3.13p shows that (j3.12p still holds in this case. 
Therefore a{6){Pi{a,9) — ^^g'^^ ) and ^a{6){ ^^^^^ J^{(^fi) ^ ^.^^ exponentially equivalent. 

Since ya(0)( ^^^'^^ g^^"'^^ ) is exponentially equivalent to a{9){ ^^^'^^~f^'^'^^ ) by Lemma 2.1 and 
Corollary 3.1 in [H], it follows that a(^)(Pi(a,0) - ^^) and a(g)( ^^^'^^/^"'^^ ) are exponentially 
equivalent. Thus we have the following result. 

Lemma 3.2 The MDP holds for Pi (a, 9) with speed and rate function 

j X, x>0 

I cxD, otherwise. 

For each n > 2, we have 
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Lemma 3.3 The family i^p(a{9)(^Pi{a,e) - ■ ■ ■ ,P^{a, 

a LDP on R" with speed and rate function 



/3(a.e) 



e • : ^ > 



I satisfies 



^Xj, if < x„ < • • • < xi. 

i=l 

+00, otherwise. 



(3.15) 



Proof It follows from (|3.3p that for xi > X2 • • • > x„ and -^^Xn + /3(a, 0) > 0, the density 
function ga,e,n{xi, Xn) of a{9) (Piia, 0) - ■■■ ,Pn{a,9) - 



9a,9,n(,Xl, • • • ; Xfi) 



(9) 

e+na~l 



By Theorem 12.41 and direct calculation, for x„ > 



a{e) 



log 5a,0H 



^x„ + /?(a,6') 



For x„ < 0, set 



(3.16) 



Then 



'i/'(n, X, ^, a) = a{9) 



0-U&)Tr^=l^^ + n(3{a,e) 



f3{a, 9 + na) 
9 + no 



9a,0+na 



^^xn + (3{a,9) 



0-[^)Y.U^i + nP{a,9) 



and 



which implies that 



--P [ a{9) [ Pi{a,9 + na) - ^ ^ """^ ) < V(n,x,^,a) 

9 + na 



lim V(^) 27, 0, a) = x„ < 



hm — ^Iog5„,0+„Q 



4g.Xn + f3{a,9) 



0-Ue)Y.U^^ + n(i{a,9) 



-oo. 
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Therefore 

(i{9) " 

—^^Ogga,e,n{xi, . . . ,Xn) ^ - ^Xi, X„ > 0, (3.17) 

1=1 

^y^log5a,e,n(aJi,---,a;„) ^ -oo, x„ < 0, . (3.18) 

For Xi> X2 - ■ ■ > Xji, let B{{xi, . . . , Xn),S) denote the closed ball centered at (a;i, . . . , x„) with 
radius S, and B°{{xi, ... , Xn),S) be the corresponding open ball. Then for x„ > 0, 

lim limsup ^ log P (a(0) (Pi(a, 6) - • • • , P„(a, 9) - G i?((a;i, . . . , Xn),d)^ 

lim liminf ^ log P (^a(^) (Pi(a, 0) - • • • , P„(a, 0) - G B°((xi, . . . , x„), <5)) 



s 

n 



— y~!^i) 

j=i 

and for any x„ < 0, 

lim limsup ^ log P (a{e) (Pi{a, 9) - . . . , p„(a, 0) - ^i^) g P((xi, . . . , x„), ,5) 

= lim liminf ^ log P (^a(0) (Pi(a, 9) - • • • , P„(a, 9) - G P°((xi, . . . , Xn), <5)) 

= — oo, 

If Xr-i > 0,Xr = for some 1 < r < n, then the upper estimate is obtained from that of 
a{9) ^Pi (a, 6) — S^^^l ■ ■ ■ ^ Pr-i {o<-,9) — i^i^^ j . The lower estimates when = for some 1 <r <n 
are obtained by approximating the boundary with open subsets away from the boundary. 

Noting that \Jl^^{a{9) [Pi{a, 0) - > L} = {a{9) (Pi{a, 9) - > L}, it follows that 

^im limsup ^logp|u|a(^)(Pi(a,^) -^^) >l| I =-oo^ (3.19) 
On the other hand, 

limsup^logpjy |a(^)(p,(a,0)-^) < (3.20) 
< lim sup ^ log P I a(e) f Pj {a, 9) 



I3ia,9) 



< -L'> = -oo. 
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These lead to the exponential tightness and the lemma. 

□ 

Now we are ready to establish the MDP for (-Pi (a, 0), P2{(x, 9), . . .). 



Theorem 3.4 For each n>l, the family ^p(a{9)(^Pi (9) - ■ ■ ,P^{9)-^, 
o| satisfies a LDP on with speed and rate function 



> 



I{XI,X2, 



EXi, xi > ■ ■ ■ > ^ ^ 

(3.21) 



4 = 1 

oo, otherwise. 



Proof Identify M°° with the projective limit of R",/! = 1, . . . . Then the theorem follows from 
Theorem 3.3 in [3] and Lemma |3.3[ 

□ 



4 Moderate Deviations for the Homozygosity 

For each m > 2, it was shown in [12j that the scaled homozygosity 

V9[——^-^Hrn{P{a,e)) - 1] ^ 
L [m — a) 

where Za^m is a normal random variable with mean zero and variance 

2 r(2m — a)r(l — a) n 
1 (m — a)^ 

It is thus natural to consider the MDP for p™^^| Hm(P{oi, 9)) or equivalently the LDP for the 
family {a{9) f"'~^^^^~''^ Hm(P{a, 9)) - 1] : ^ > 0} for a scale a{9) satisfying 

lim a{9) = oo, lim ^ = 0, (4.1) 

which is different from (13. ip . 

The MDP in the case of a = has been established in [11] where that the following additional 
restriction on a{6) is used: for some < e < l/(2m — 1), 

liminf ' ^, > 0. (4.2) 
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This condition is also needed for the two-parameter model. As shown in [TT], the conditions 
()4.ip and (j4.2p guarantee that there exist r > positive integer / > 3 V (2m-i)£ ' ^^'^ ''(^^ that 
grows faster than a positive power of 9 such that 

hm = +00 



and 



hm ,, ^, , = U, hm = oo. 



For any n > 1, set 



(T)<r(e)}, 

4 = 1 

OO 



(4.3) 



and 



For any s, f in M, define 

1 ( ^ 2r(m-a)r(m + l) ^^ , ^ r(2m-a) , ^^ r(m-a) 2,,2 
^(•5, = o « H r St + (— — — + a{— -) )t 

2 \ r(m)r(l — a) r(i — a) r(i — a) 

It follows by direct calculation that the Fenchel-Legendre transform of A(s,t) is given by 
A*(a;,y) = sup{sx + — A(s, t)} 

r(l-a) 

2(r(l - a)r(2m - a) + (a - m?)T'^{m - a)) 

( r^fm — q) \ 

X (r(2m - a) + a— ^ ^)x^ - 2mT(m - a)xy + T(l - a)y'^ , 

V r(l-a) J 

for X, y in M. 

Lemma 4.1 T/ie family {-^Gafi,r : ^ > 0} satisfies a LDP on space with speed and rate 
function A*(-, •). 

Proof For any s, t G M, let 

g{x) = SX + tx"^ 

and 

, . _ g{x)I{^<r{e)} 

Vr\X) — 

a{0) 
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It follows by direct calculation that 



Jo «W 2 «'(^) 

1 1 r 



+ E rr;;^ / + tx"fx-('-^-^e-^dx (4.4) 



fe=3 

/ oo 



Jo «W 2 



which implies that for 9 large enough 

r.r(0) 



By the Campbell's theorem we get that 

= £(expi^9,(l/,(r))l I 



. i=l 

( oo 



^ (^^ \^^V^My:{T))^ lC(«,^)j j (4.5) 

E f exp{c„7(-) j (e^'-(^) - l)x-(i+")e-^d2;} J 

exp |-^log ^1 - fj\(^^''^'''^ - l)a;"^^+")e-^dxj | . 



Putting (j4.4p and (j4.5p together, we get that 



E ^exp <j 




= exp < 




[2aa2(6') ^ 


= exp j 
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which leads to 



iToo ^ (^^P - E{G^X)) + - ^(gS.))]}) = A(^,t). (4.6) 

The lemma now follows from (14. 3p and the Gartner-Ellis theorem. 

□ 



Lemma 4.2 Set 

Then the family {^^Ga,6» : ^ > 0} satisfies a LDP with speed and the rate function A*{x,y) . 
Proof By definition for any n > 1 and any 6 > 0, 



lim sup — - — log P 
< lim sup log P {Vi (T) > r{e)) 



> 6 



a{9) 



< lim sup — - — log 1 — 1 + , , , , 
= hm sup — — log ( — log I 1 + 



■+00 



r(i+")(6l)e''W 



a^(g)r(g) logo 
< - hmsup 1 — - 

= — oo. 

which implies that ^^Ga,e,r and ^^Ga,e are exponentially equivalent. Therefore (^^^^Ga,e, A* 
satisfies LDP. 

□ 

Now we are ready to prove the main result of this section. 
Theorem 4.3 The family a{9) j,^^^"^'^'^ Hm(P{a,9)) — 1^ satisfies a LDP with speed and 

2 

rate function ^-4 — . 
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Proof By direct calculation, 



a{e) ( — — ^ ^H^{V{a,e)) - 1 



r(m — a 

a{e) 



^m— 1^(™) 



r™r(m - a)/r(i - q) 



k=l 



Tj ^\t) eV{m-a)/V{l-a) 



Noting that for any i > 1 and for any 5 > 0, 



lim — - — log P 



T 



> 6 



-oo. 



It then follows that 



r(m — a) 



and 



6'r(m- a)/r(l - a 
are exponentially equivalent, and so they have the same LDP. 
The fact that 



inf 



yr(i-a) 

r(m-Q) 



A*{x,y) 



2^x2 ' 



combined with Lemma 14.21 and the contraction principle implies the theorem. 



□ 



5 LDP for Small Parameters 

Let 

V = |p = (pi,P2, ■■■) ■Pi>P2> ■■■ > 0,Y^Pi < l| 

be equipped with the subspace topology of [0,1]°°, and Mi(V) be the space of all probability 
measures on V equipped with the weak topology. Then ILa,e belongs to Mi(V). 
For any 5 > 0, it follows from the GEM representation (jl.ip that 



PlX^''' > 1-5 < P(Pi(a,^) >l-6). 
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By direct calculation, we have 



lim >l-6] =1. 



Therefore, ILa,e converges in Mi(V) to 5(i,o,...) as a + 6 converges to zero. In this section, we 
establish the LDP associated with this limit. This is a two-parameter generalization to the result 
in m. 



For any n > 1, set 



V„ = |(pi,...,pn,0,0,...) G V : = 1 [ , 

oo 



i=l 



1=1 



and 



aia,e) =aV\e\, b{a,9) = {-log{a{a,e))-^ . 



Then we have 



Lemma 5.1 The family of laws of {Pi (a, ^) : a + ^ > 0, < a < 1} satisfies a LDP on [0, 1] as 
a{a, 9) goes to zero with speed b{a, 6) and rate function 



0, p = l 

k, pG[^,i),A: = l,2,, 
oo, p = 0. 



Slip) = < 

Proof Let {Xf : i = 1, 2, . . .} be defined in (|l.ip . For any n > 1, set 

Pi{a,9) = ma^{X^'^ :l<i<n}. 
Then it follows from direct calculation that for any 5 > 



(5.1) 



P{Piia,e)-P^ia,0)>6} < P{{l-Ui)---{1-Un)>5} 

< 6-'f] ^ + ^" , 

~ 6 + ia + 1 - a 

i=l 

which leads to 

lim sup h{a, 9) log P{Pi{a, 9) - P^ {a, 9) > 5] < -n. 

a(Q,6»)^0 
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Thus the famihes {Pi {a, 9) : 0<a<l,6 + a> 0}n=i,2,... are exponential good approximations 
to the family {Pi{a,6) : < a < 1,6 + a > 0}. By the contraction principle, the family {P"(a,0) : 
< a < 1,6 + a > 0} satisfies a LDP on [0, 1] as a{a,6) goes to zero with speed b{a,9) and rate 
function 



Inip) 



0, p=l 

k, pG[^,i),A: = l,2,, 
n, else. 



,n — 1 



The lemma now follows from the fact that 



= supliminf inf /„(g). 

5>o \q--p\<s 



□ 



Theorem 5.1 The family {Ila,e :a + ^>0,0<a< 1} satisfies a LDP on V as a{a,0) goes to 
zero with speed b{a, 6) and rate function 



5(P) 



n - 1, p G VniPn > 0,n > 1 

OO, P^Voo- 



(5.2) 



Proof It suffices to establish the LDP for finite dimensional marginal distributions since the 
infinite dimensional LDP can be derived from the finite dimensional LDP through approximation. 
For any n > 2, {Pi{a,e),P2{a,e), . . . Pn{a,e)) and (Pi(0, a + (9), P2(0, a + i9), . . . Pn(0, a + 61)) have 
respective joint density functions 



ha,e,n{Pl, ■■■ ,Pn) = Ca 



Ui=iPi V i-Li=iK 



and 



ga+e,n = {a + 9) 



-Q— 1 



P[Pi{0,a + e) < 



Pn 



llt=iA V Z^i=iA, 

Since lima(„ g)_,o ^) log(a + 6*) = —1 and liniai^a,9)^oK'^^^)Ca,e,n = — it follows from 
Lemma 2.4 in [10] and Lemma [5. II that the family of laws of (-Pi (a, 9),P2{a, 0), . . . Pn{a,6)) satisfies 
a LDP as o(a, 6) goes to zero with speed b{a, 9) and rate function 



Sn{pi,.-,Pn) 



0, (pi,P2,-",Pn) = (1,0...,0) 

/-I, 2</<n,ELiPfc = l'W>0 

oo, else. 



(5.3) 



□ 
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